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Let ζ be the primitive seventeenth-root of unity defined as: 
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 (by De Moivre’s theorem)
Also, 
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(using basic trigonometric identities)

Then, the sixteen roots of unity not equal to 1 are:

ζ1, ζ2, ζ3, ζ4, ζ5, ζ6, ζ7, ζ8, ζ9, ζ10, ζ11, ζ12, ζ13, ζ14, ζ15, ζ16
Next find the first 16 powers of 3 mod 17:

30=1, 31=3, 32=9, 33=27≡10 mod 17, 34=81≡13 mod 17, etc., gives the following list:

S=(1, 3, 9, 10, 13, 5, 15, 11, 16, 14, 8, 7, 4, 12, 2, 6)

We can divide the above roots into the following sums:

x1 = ζ1 + ζ9 + ζ13 + ζ15 + ζ16 + ζ8 + ζ4 + ζ2

x2 = ζ3 + ζ10 + ζ5 + ζ11 + ζ14 + ζ7 + ζ12 + ζ6

(Here we used every other element from S for x1 and the rest for x2.  

This idea is based on Gaussian sums which we will just utilize without explanation.  However, we might note that the exponents used in x1 are those for which there is a solution to the equation  x2=a mod 17)


Since x17-1=(x-1)(x16+x15+ . . .+1), and since ζ is a solution of this equation,

ζ + ζ2 + ... + ζ16 + 1 = 0

So:  x1 + x2 + 1 = 0


x1 + x2 = -1

Now the tedious part (note that ςj+ςk=ςj+k mod 17):

x1 ∙ x2 = (ζ1 + ζ9 + ζ13 + ζ15 + ζ16 + ζ8 + ζ4 + ζ2)(ζ3 + ζ10 + ζ5 + ζ11 + ζ14 + ζ7 + ζ12 + ζ6) 
=ζ1(ζ3+ζ10+ζ5+ζ11+ζ14+ζ7+ζ12+ζ6)+ζ9(ζ3+ζ10+ζ5+ζ11+ζ14+ζ7+ζ12+ζ6)

+ζ13(ζ3+ζ10+ζ5+ζ11+ζ14+ζ7+ζ12+ζ6)+ζ15(ζ3+ζ10+ζ5+ζ11+ζ14+ζ7+ζ12+ζ6)+ζ16(ζ3+ζ10+ζ5+ζ11+ζ14+ζ7+ζ12+ζ6)

+ζ8(ζ3+ζ10+ζ5+ζ11+ζ14+ζ7+ζ12+ζ6)+ζ4(ζ3+ζ10+ζ5+ζ11+ζ14+ζ7+ζ12+ζ6)+ζ2(ζ3+ζ10+ζ5+ζ11+ζ14+ζ7+ζ12+ζ6) 

=(ζ4+ζ11+ζ6+ζ12+ζ15+ζ8+ζ13+ζ7)+(ζ12+ζ2+ζ14+ζ3+ζ6+ζ16+ζ4+ζ15)+(ζ16+ζ6+ζ+ζ7+ζ10+ζ3+ζ8+ζ2)+ (ζ+ζ8+ζ3+ζ9+ζ12+ζ5+ζ10+ζ4)+(ζ2+ζ9+ζ4+ζ10+ζ13+ζ6+ζ11+ζ5)+(ζ11+ζ+ζ13+ζ2+ζ5+ζ15+ζ3+ζ14)+
(ζ7+ζ14+ζ9+ζ15+ζ+ζ11+ζ16+ζ10)+(ζ5+ζ12+ζ7+ζ13+ζ16+ζ9+ζ14+ζ8) 
=4[ζ1 + ζ2 + ζ3 + ζ4 + ζ5 + ζ6 + ζ7 + ζ8 + ζ9 + ζ10 + ζ11 + ζ12 + ζ13 + ζ14 + ζ15 + ζ16] = 4[x1 + x2] = -4

Whew!  There is an alternate way to do this as shown later in this document.
We can now use the two equations to form a quadratic equation:

x2 = -1 -x1

x1*x2 = -4

x1(-1 -x1) = -4

which gives us:

-x12 - x1 + 4 = 0

or if we multiply each side by -1

x12 + x1 - 4 = 0
It is also true that:

x1 = -1 - x2

so we also have:

x22 + x2 - 4 = 0

This means that x1, x2 are found using the quadratic equation to get:
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Now we may rewrite x1 as:
x1= ζ1+ζ16+ ζ8+ζ9+ζ2+ζ15+ζ4+ζ13=ζ1+ζ-1+ ζ8+ζ-8+ζ2+ζ-2+ζ4+ζ-4=
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 using the trigonometric identity for the sum of angles.  Now
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  (since angles closer to 
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Now since x1 and x2 are obviously unequal, we have:  
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Now, let's define the following values:

y1 = ζ1 + ζ13 + ζ16 + ζ4

y2 = ζ9 + ζ15 + ζ8 + ζ2

y3 = ζ3 + ζ5 + ζ14 + ζ12

y4 = ζ10 + ζ11 + ζ7 + ζ6

(We might note that here the exponents used in y1 are those for which the equation  x4=a mod 17 has a solution.)

Then:  y1 + y2 = x1

and   y3 + y4 = x2

And also:

y1 ∙ y2 = (ζ1 + ζ13 + ζ16 + ζ4)(ζ9 + ζ15 + ζ8 + ζ2) 
=ζ1(ζ9 + ζ15 + ζ8 + ζ2) + ζ13(ζ9 + ζ15 + ζ8 + ζ2) +ζ16 (ζ9 + ζ15 + ζ8 + ζ2) + ζ4(ζ9 + ζ15 + ζ8 + ζ2) 
=(ζ10 + ζ16 + ζ9 + ζ3) + (ζ5 + ζ11 + ζ4 + ζ15) +(ζ8 + ζ14 + ζ7 + ζ) + (ζ13 + ζ2 + ζ12 + ζ6) 
= ζ + ζ2 + ζ3 + ζ4 + ζ5 +ζ6 + ζ7 + ζ8 + ζ9 + ζ10 + ζ11 + ζ12 + ζ13 + ζ14 + ζ15 + ζ16 = x1 + x2 = -1

y3 ∙ y4 = (ζ3 + ζ5 + ζ14 + ζ12)(ζ10 + ζ11 + ζ7 + ζ6) 
= ζ3(ζ10 + ζ11 + ζ7 + ζ6) + ζ5(ζ10 + ζ11 + ζ7 + ζ6) +ζ14(ζ10 + ζ11 + ζ7 + ζ6) + ζ12(ζ10 + ζ11 + ζ7 + ζ6) 
= (ζ13 + ζ14 + ζ10 + ζ9) + (ζ15 + ζ16 + ζ12 + ζ11) +(ζ7 + ζ8 + ζ4 + ζ3) + (ζ5 + ζ6 + ζ2 + ζ) 
= ζ +ζ2 +ζ3 + ζ4 + ζ5 +ζ6 + ζ7 + ζ8 + ζ9 + ζ10 + ζ11 + ζ12 + ζ13 + ζ14 + ζ15 + ζ16 = -1

So, this gives us:

y2 = x1 - y1
y4 = x2 - y3

y1(x1 - y1) = -1
y3(x2 - y3) =-1

So that:

x1y1 - y12 + 1 = 0
x2y3 - y32 + 1 = 0

Now we can find the value for y1, y2 by solving:

y2 - (x1)y - 1 = 0
So that  
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Now 
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 since each angle is less than 
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  since only one angle is less than 
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So we have:
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We can find the value for y3, y4 by solving:

y2 - (x2)y - 1 = 0

So that:  
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So we have:
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Now, let's define the following values:

z1 = ζ + ζ16

z2 = ζ13 + ζ4

We could continue to divide up the other y variables into variables z3 through z8, but these are not needed in our derivation, so we will omit that process.  (We might note that the exponents used in z1 are those for which the equation  x8=a mod 17  has a solution.)
We note that:

z1 + z2 = y1

And:

z1 ∙ z2 = (ζ + ζ16)(ζ13 + ζ4) = ζ14 + ζ5 + ζ12 + ζ3 = y3  

So this gives us:

z2 = y1 - z1  

Which means:

z1(y1 - z1) = y3 

So, we find z1, z2 by solving for:

z12 - z1y1 + y3 = 0

so that:
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Now since z1 = ζ + ζ-1 = 
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Before the back-substitution phase, let’s do a little preliminary computation:


[image: image30.wmf](

)

(

)

(

)

(

)

x

x

1

2

2

2

1

4

1

2

17

17

1

2

9

17

1

4

1

2

17

17

1

2

9

17

=

-

+

=

-

=

+

+

=

+

        
[image: image31.wmf](

)

(

)

x

x

1

2

2

2

4

1

4

34

2

17

4

1

4

34

2

17

+

=

-

+

=

+



[image: image32.wmf](

)

(

)

y

x

x

x

x

x

x

x

1

2

1

2

1

1

2

1

2

1

2

1

1

2

1

4

2

4

4

1

2

2

4

=

+

+

+

+

=

+

+

+



[image: image33.wmf](

)

(

)

(

)

z

x

x

x

x

x

x

x

1

1

1

2

1

2

1

1

2

2

2

2

1

2

1

2

4

1

2

2

4

2

4

=

+

+

+

+

+

+

-

+

+

é

ë

ê

ù

û

ú


Let’s tackle that last radical first:
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Now to tackle the first term in the brackets of z1:
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Putting this all together and dividing by 2 we have:
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Anybody interested in computing  
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?   Using an alternate method discussed here, it’s not impossible to find x1x2, but from there, you’re on your own!
There is an alternate way to compute x1x2 although it requires about as much work as the actual computation.  It is, however, generalizable.  

Let f be a divisor of 16.  

Define 
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 where  a=3​m, with mf=16.  So if f=8, a=32. 

It is easy to see that P8(
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If we transform the index of the inner summation to q=p+r, we get
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Thus the product of two of these “periods” is the sum of periods as well.

It may not be obvious that we can set q=p+r without also adjusting the summation index.  However, note that before we made the change, q went from 0 to 7 for each value of p.  After the change, p+r will go from 0 to 7 when p=0, from 1 to 8 when p=1, from 2 to 9 when p=2, etc.  Thus when p=1, the last kap+r will be k(32)8=k(316), but 316=1 modulo 17 (by Fernat’s Little Theorem) which is what we got when q was equal to 0 in the original expression.  Similar “wrap-around” happens when p=2, 3, etc.

Now if j=k, we can find a formula for [P8(
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Now consider [P8(
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since each of the terms contains 8 powers of 
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The values of 1+aq are 2, 10, 14, 16, 17, 9, 5, 3 (modulo 17) [one more than the exponents on ζ in x1]
Note that when q=4, 1+aq=1+38=0 (modulo 17) since 38=-1 (modulo 17).  So for this value of q, 
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Thus we have x12+x22=7(-1)+16=9.  

Then  2x1x2=(x1+x2​)2-(x12+x22)=1-9=-8  so  x1x2=-4

Generalizing this result, we can fairly easily find that for n=257, x12+x22=127(‑1)+256=129, so 2x1x2=1‑129=-128 and then x1x2=-64

Adapted from: Jörg Bewersdorff (2006). Galois Theory for Beginners: A Historical Perspective. American Mathematical Society. ISBN 0-8218-3817-2, pgs 71-72. 
This product can also be computed using Gauss Sums, but that is beyond the scope of this document.

According to http://en.wikipedia.org/wiki/Heptadecagon
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My calculator says this result is equivalent to our previous one, but it does not seem to be easy to transform one form into the other!  We may note that the real question is whether the following two quantities are equal:
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These are the parts of each result that are different.  The first is from the wikipedia site, the second is from our previous result after doing some manipulation to get the coefficient of the last radical to be 2 in each case.  Although it is not usually legal to square both sides of an identity to show both sides equal, in this case, we may note that the second term in the second result has a coefficient of around 2 (estimating the binomial to be around 4), and the quantity in the radical is smaller than the radical in the first term, so it seems likely that both of these results are negative.  Therefore, if their squares are equal, the two results must be equal.  So we tackle the process of squaring both of these forms, starting with the first:


[image: image56.wmf](

)

(

)

(

)

34

2

17

4

34

2

17

4

34

2

17

34

2

17

5

34

6

17

34

2

34

5

34

38

17

2

-

+

+

+

+

-

=

×

+

+

-

×

=

×

+


Now on to the second:
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